Abstract. We give a construction of genus fields for congruence function fields. First we consider the cyclotomic function field case following the ideas of Leopoldt and then the general case. As applications we give explicitly the genus fields of Kummer, Artin-Schreier and cyclic p-extensions. Kummer extensions were obtained previously by G. Peng and Artin-Schreier extensions were obtained by S. Hu and Y. Li.
Introduction
The concept of genus field goes back to Gauss [4] in the context of binary quadratic forms. For any finite extension K/Q, the genus field is defined as the maximal unramified extension K g of K such that K g is the composite of K and an abelian extension k * of Q: K g = Kk * . This definition is due to Frölich [3] . If K H denotes the Hilbert class field of K, K ⊆ K g ⊆ K H . Originally the definition of genus field was given for a quadratic extension of Q. Gauss in fact proved that if t is the number of different positive finite rational primes dividing the discriminant δ K of a quadratic number field K, then the 2-rank of the class group of K is 2 t−2 if δ K > 0 and there exists a prime p ≡ 3 mod 4 dividing δ K and 2 t−1 otherwise. H. Leopoldt [8] determined the genus field K g of an abelian extension K of Q using Dirichlet characters, generalizing the work of H. Hasse [5] who introduced genus theory for quadratic number fields.
M. Ishida determined the genus field K g of any finite extension of Q [7] . X. Zhang [14] gave a simple expression of K g for any abelian extension K of Q using Hilbert ramification theory.
For function fields, the notion of Hilbert class field has no proper analogue since the maximal abelian extension of any congruence function field K/F q contains K m := KF q m for all positive integers m and therefore the maximal unramified abelian extension of K is of infinite degree over K.
M. Rosen [10] gave a definition of an analogue of the Hilbert class field of K and a fixed finite nonempty set S ∞ of prime divisors of K. Using this definition, a proper concept of genus field can be given along the lines of the classical case. R. Clement [2] considered a cyclic extension of k := F q (T ) of degree a prime number l dividing q − 1 and found the genus field using class field theory. Later, S. Bae and J. Koo [1] generalized the results of Clement following the methods of Frölich [3] . G. Peng [9] explicitly described the genus theory for Kummer function fields. Recently S. Hu and Y. Li [6] explicitly described the ambiguous ideal class and the genus of an Artin-Schreier extension of a congruence rational function field.
In this paper we develop an analogue of Leopoldt's genus theory for congruence function fields. We give a description of the genus field K g of a finite abelian extension of a congruence rational function field by means of the group of Dirichlet characters for cyclotomic function fields. Here we consider the Hilbert class field K H of a function field K using the construction of Rosen for S ∞ = {p ∞ }, where p ∞ is the pole divisor of T in the rational function field k = F q (T ).
More precisely, let K be a finite abelian extension of k. Then if K is contained in a cyclotomic extension, we find that K g is also contained in a cyclotomic extension and we find the group of characters associated to K g . If K is not contained in a cyclotomic extension and p ∞ is tamely ramified, we consider a suitable extension of constants of K and then proceed as before to find K g . Finally, if p ∞ is wildly ramified we consider the cyclotomic extension where p ∞ is totally and wildly ramified and proceed similarly to the previous cases.
We apply our results to Kummer and to Artin-Schreier extensions of k and we give new proofs of the results of Peng and of Hu and Li. At the end, we show that our construction also works to find explicitly the genus field of an arbitrary finite cyclic p-extension of k given by a Witt vector.
Classical case
Let K be a number field, that is, a finite extension of Q. Let K H be the Hilbert class field of K, that is, K H is the maximal abelian unramified extension of K. Then the genus field K g of K is the maximal extension of K contained in K H that is the composite of K and an abelian extension k * of Q. Equivalently, K g = Kk * ⊆ K H with k * the maximal abelian extension of Q contained in K H . First we recall genus theory in the abelian case for number fields [8] . In this case K g is the maximal extension of K contained in K H such that K g /Q is abelian. So, in this section we consider K/Q an abelian extension. By the Kronecker-Weber Theorem there exists n ∈ N such that K ⊆ Q(ζ n ), where ζ n denotes a primitive n-th root of unity. Let X be the group of Dirichlet characters associated to K. That is, X is a subgroup of the dual of Gal(Q(ζ n )/Q) ∼ = U n := Z/nZ * ; then X ⊆Û n and K is the subfield of Q(ζ n ) fixed by ∩ χ∈X ker χ.
r be the factorization of n as a product of prime powers. For any character χ let
The character χ pi has conductor p βi i for some β i ∈ N, 1 ≤ i ≤ r. For any rational prime p / ∈ {p 1 , . . . , p r }, χ p = 1. Let p be a rational prime and define X p := {χ p | χ ∈ X}. Then we have |X p | = e p is the ramification index of p in K. Thus, Theorem 2.1 (Leopoldt [8] ). Let K be an abelian extension of Q and let X be the group of Dirichlet characters associated to K. Let J be the maximal abelian extension of Q containing K such that J/K is unramified at every finite rational prime. Let Y be the group of Dirichlet characters associated to J. Then Y = p∈P X p , where the product runs through the set of rational primes P. Proof. Since J/K is not ramified in any finite prime, we have e p (J/K) = 1, then the ramification indices coincide, thus
Let F be the field associated to Z. As X ⊆ p∈P X p = Z, we have K ⊆ F and analogously J ⊆ F . On the other hand, since |X p | = |Z p |, the extension F/K is unramified, thus F ⊆ J. Therefore F = J and it follows that Y = Z = p∈P X p .
Remark 2.2. If the infinite primes are unramified in J/K we have K g = J.
Otherwise, K is real and J is imaginary. Then K g = J + where J + := J ∩ R and the group of Dirichlet characters associated to Let χ be the quadratic character associated to K. Then χ pi = 1, 1 ≤ i ≤ m and χ q = 1 for all q ∈ P \ {p 1 , . . . , p m }. For p i = 2, χ pi is unique and χ pi (−1) = (−1) (pi−1)/2 . In this case the field associated to χ pi is Q (−1) (pi−1)/2 p i . If p 1 = 2, then there are three quadratic characters χ p1 = χ 2 ; two of them have conductor 8, one is real and one imaginary, and the other one has conductor 4. If χ 2 is real, χ(−1) = 1 and the field associated is Q( √ 2). If χ 2 is imaginary of conductor 8, χ(−1) = −1 and the field associated is Q( √ −2). Finally, if χ 2 is of conductor 4, χ(−1) = −1 and the field associated to χ 2 is Q(ζ 4 ) = Q(i) = Q( √ −1). It follows that the maximal abelian extension of Q unramified at every finite prime is
Thus we obtain [J : Q] = 2 m and [J : K] = 2 m−1 . We have K g = J except when K is real and J is imaginary and this last case occurs when δ K > 0 (d > 0) and there exists p i ≡ 3 mod 4. In this case, [ 
Now let K be any abelian extension of Q with Dirichlet character group X. Consider for each p ∈ P, X p . Let J be the field associated to p∈P X p . Let p mp := gcd{f χp | χ ∈ X} where f χp denotes the conductor of χ p . Then the field
Therefore, if K and J are both real or both imaginary,
Cyclotomic function fields
First we give some notations and some results in the theory of cyclotomic function fields [13] . Let k = F q (T ) be a congruence rational function field, F q denoting the finite field of q elements. Let R T = F q [T ] be the ring of polynomials, that is, R T is the ring of integers of k. R We have k(Λ N ) = k(λ N ) and
For any finite extension K/k we will use the symbol S ∞ (K) to denote either one prime or all primes in K above p ∞ , the pole divisor of T in k. We understand by a Dirichlet character any group homomorphism χ : R T /(N ) * → C * and we define the conductor f χ of χ as the monic polynomial of minimum degree such that χ can be defined modulo f χ , χ :
Given any group of characters X ⊆ G N (= hom(G N , C * )), the field associated to X is the subfield of k(Λ N ) fixed under ∩ χ∈X ker χ. Conversely, for any field
For any character χ we consider the canonical decomposition χ = P ∈R + T χ P , where χ P has conductor a power of P . We have
If X is a group of Dirichlet characters, we write
In k(Λ N )/k, p ∞ has ramification index q − 1 and decomposes into
that is, I = {σ a | a ∈ F * q }. The primes that ramify in k(Λ N )/k are p ∞ and the polynomials P ∈ R + T such that P | N . We set L n to be the largest subfield of k(Λ 1/T n ) where p ∞ is fully and purely wildly ramified, n ∈ N. For any field F , n F denotes the composite F L n .
We recall Rosen's definition for a relative Hilbert class field of a congruence function field K.
Definition 3.1 ([10]
). Let K be a function field with field of constants F q . Let S be any nonempty finite set of prime divisors of K. The Hilbert class function field of K relative to S, K H,S , is the maximal unramified abelian extension of K where every element of S decomposes fully.
From now on, for any finite extension K of k we will consider S as the set of prime divisors dividing p ∞ , the pole divisor of T in k and we write K H instead of K H,S . Definition 3.2. Let K be a finite geometric extension of k. The genus field K g of K is the maximal extension of K contained in K H that is the composite of K and an abelian extension of k. Equivalently, K g = Kk * where k * is the maximal abelian extension of k contained in K H .
When K/k is an abelian extension, K g is the maximal abelian extension of k contained in K H . Our main goal in this section is to find K g when K is a subfield of a cyclotomic function field. In what follows K will always denote a finite geometric abelian extension of k. First we note that we have the analogue to Leopoldt's result.
and the group of characters associated to K is X, then the maximal abelian extension J of K unramified at every finite prime P ∈ R + T , contained in a cyclotomic extension, is the field associated to Y = P ∈R
Proof. Analogous to the proof of Theorem 2.1.
In this case p ∞ has no inertia in J/K but it might be ramified.
Proof. By the Kronecker-Weber Theorem [13, Theorem 12.8 
Since p ∞ is tamely ramified in E/k, it follows that E ⊆ R. Now, p ∞ is tamely ramified in F/k and S ∞ (F ) is fully and wildly ramified in F L n /F and F L n /F is of degree |V |. Hence R = F and E ⊆ F .
Proposition 3.5. With the hypothesis of Proposition
Proof. Since e p∞ (J|K) =
Now the field of constants of K g is F q (see [10] or simply if F q m is the field of constants of K g , k ⊆ k m ⊆ K g and p ∞ is fully inert in k m ; since p ∞ and S ∞ (K) have no inertia in either K/k or J/K, m = 1.)
Since p ∞ decomposes fully in K g /K and p ∞ is tamely ramified in K/k, by Proposition 3.4 we have K g ⊆ k(Λ N )F q m for some N ∈ R T and m ∈ N.
In all the extensions
(1)
We use the notations of Proposition 3.3. In this case p ∞ might be ramified in J/K. Let
is the field associated to the character group XY 1 . Since p ∞ decomposes fully in
) is fully ramified in J/J (1) . Hence S ∞ (J (2) ) is fully ramified in J/J (2) . We obtain that J (2) /K is an unramified abelian extension with
Now consider any unramified abelian extension F/K such that S ∞ (K) decomposes fully in F . By Proposition 3.4, F ⊆ k(Λ N )F q m for some N ∈ R T and m ∈ N. In case F ⊆ k(Λ N ), let Z be the group of Dirichlet characters associated to F . Since F/K is unramified, it follows that X ⊆ Z ⊆ Y by Proposition 3.3 and thus
is fully inert in B m because it has degree 1 and
From the first part, we obtain that F ⊆ J (2) . We have proved the following 
General congruence function fields
First we consider any finite geometric abelian extension K/F q of k such that p ∞ is tamely ramified. Then we have K ⊆ k(Λ N )F q m = k(Λ N ) m for some N ∈ R T and m ∈ N. Since k(Λ N )/k is a geometric extension and k m /k is an extension of constants, we have
In other words, E plays a role similar to that of K but it is contained in a cyclotomic extension.
Since
Because K m /K and E g /E are unramified, we obtain that E g K/K is unramified. Also, since S ∞ (E) decomposes fully in E g , S ∞ (EK) decomposes fully in E g K. Now, S ∞ (E ∩ K) has inertia degree one in E/(E ∩ K) so S ∞ (K) has inertia degree one in EK/K. Therefore E g K ⊆ K g . Finally, if C := K g ∩ k(Λ N ), on the one hand E g ⊆ C and on the other hand C/E is unramified since K g /EK and EK/E are unramified; also S ∞ (E) decomposes fully in C/E. It follows that C ⊆ E g . Thus,
t where t is the degree of S ∞ (K).
We have proved Theorem 4.1. Let K/F q be a geometric finite abelian extension of k where p ∞ is tamely ramified. Let N ∈ R T and m ∈ N be such that
Then with the above notations, we have D ∼ = σ t and
where t = deg(S ∞ (K)).
Finally we consider any geometric finite abelian extension K of k. By the Kronecker-Weber Theorem, we have
Hence, on the one hand n F ⊆ n K, and on the other hand
Since it is easily seen that (
Given that F g /F is unramified and S ∞ (F ) decomposes fully, we obtain that n KF g / n K is unramified and S ∞ ( n F ) decomposes fully. Now, in n K/K the only possible ramified prime is S ∞ (K) and if this is so, it is wildly ramified. It follows that in n KF g /K the only possible ramified prime is S ∞ (K) and if this is so, it is wildly ramified. In particular in F g K/K the only possible ramified prime is S ∞ (K) and if it ramified, it is wildly ramified. Again, given that the extension F g /F is unramified and S ∞ (F ) decomposes fully, F g K/F K is unramified and S ∞ (F K) decomposes fully. In the extension F/(K ∩F ), S ∞ (K∩F ) is tamely ramified, hence S ∞ (K) is tamely ramified in F K/K. Therefore S ∞ (K) decomposes fully in F K/K. In short, we have
. Then p ∞ is tamely ramified in E/k and therefore E ⊆ k(Λ N ) m . We obtain that S ∞ (M ) is tamely ramified in K g /M and since K g /K is unramified, it follows that K g /F M is unramified. Finally p ∞ is tamely ramified in F/k so S ∞ (M ) is tamely ramified in F M/M . Since p ∞ is fully and wildly
K is unramified and the only possible ramified prime in F K = F M/F is S ∞ (F ) and if it is so, it is wildly ramified. S ∞ (F ) is not ramified in E/F since otherwise it would be tamely ramified, and E/F is unramified at every other prime because K g /F is ramified at most at S ∞ (F ). It follows that E ⊆ F g and therefore E = F g . Thus
We have proved 
Our main result is the combination of Theorems 4.1 and 4.3.
Then the genus field of K is K g = E g F K where E g is the genus field of E.
Applications
In this section we will see how our results can be applied to some general abelian extensions: Kummer, Artin-Schreier and p-cyclic (Witt) extensions.
Kummer Extensions.
Here we will assume that q ≥ 3. [11, Lemma 16.13] ). Thus for l a prime number such that l | q − 1, we have k( l (−1) deg P P ⊆ k(Λ P ). Therefore for any monic polynomial D ∈ R T , we obtain k(
. In this subsection we use the notations of Section 4. Let K := k( l √ γD) with D ∈ R T a monic l-power free polynomial, γ ∈ F * q and D = P 
Furthermore we arrange the product so that
Proof. [9, Lemma 3] Now by Remark 4.2, we have [
. This is because in the first case p ∞ is already ramified in K and in the second p ∞ is unramified in F/k (Proposition 5.1).
When l | deg D and l ∤ deg P r , p ∞ ramifies in F/k and is unramified in E/k. In this case [F :
In the general case, from Theorem 4.3 we obtain K g = E g K. Therefore
Theorem 5.2 (G. Peng [9] ). Let D = P e1 1 · · · P er r ∈ R T be a monic l-power free polynomial, where
, where the exponent
5.2.
Artin-Schreier extensions. Consider K := k(y) where y p −y = α ∈ k. The equation can be normalized as:
where
We have that the finite primes ramified in K/k are precisely P 1 , . . . , P r . With respect to p ∞ we have
We study two cases.
Case 1: We assume that p ∞ is not ramified, so f (T ) ∈ F q . We have Gal(
is a basis of F q p over F q . By Proposition 5.3, the unique such extension such that p ∞ is not inert is the one k(w) such that
If χ is the character associated to E, then χ = χ P1 · · · χ Pr and the field associated to χ Pi is k(y i ), where
Case 2: Now consider the case p ∞ ramified in K. Set
Qi P e i i
. By Case 1,
We have proved − y = β, and the operation is the Witt difference. The extension is a finite p-extension of degree less than or equal to p n where y is of length n. Let P 1 , . . . P r be the finite prime divisors ramified in K/k. 
Proof. We recall some facts on Witt vectors that we will need. In general, for the ring R := Q[x i , y j , z l ] in the variables x i , y j , z l we consider the ring R n , n ∈ N with the underlying set equal to R n and with the operations +, −, · componentwise. Let R n be the ring with underlying set the same R n and with the following operations (Witt). Let ϕ : R n → R n be given by ϕ(a 1 , . . . , a n ) = a (1) , . . . , a (n) where
Then ϕ is a biyective map with inverse ψ : R n → R n given by ψ a (1) , . . . , a (n) = (a 1 , . . . , a n ) where . Now we return to our case of congruence function fields. Consider K/k a cyclic extension of degree p n given by K := k( y), y p • − y = β with y ∈ W n (K) a Witt vector of length n in K and β ∈ W n (k) a Witt vector of length n in k.
Let β = (β 1 , . . . , β n ) be such that
Now when we apply ϕ to β we obtain β (1) , . . . , β (n) and from the definition of β (j) , we obtain
We write
When we apply ϕ −1 , we obtain
and each vector ( γ i ) ϕ −1 is of the form 
where the components of each δ i have poles at most at P i and µ has components with poles at most at p ∞ . Let p i be the divisor corresponding to P i . Now each δ and µ can be normalized in such a way that each component ( δ i ) j := δ ij has divisor
with λ i ≥ 0; if λ i = 0, then v pi (a ij ) ≥ 0;
if λ i > 0, then gcd(p, λ i ) = 1 and v pij (a ij ) = 0, and similarly for µ with respect to p ∞ (see [12, page 162] ). Indeed, the normalization can be obtained by the change of variable y ij → y ij + α ij , 1 ≤ i ≤ r, 1 ≤ j ≤ n where y i = (y i1 , . . . , y in ), y p i
• − y i = δ i and α ij ∈ k, that corresponds to the substitution δ ij → δ ij + α p ij − α ij and therefore the components obtained have no poles other than p i . Now we study the behavior of p ∞ in K/k. Proposition 5.6. Let K/k be given as in Theorem 5.5. Let µ 1 = · · · = µ s = 0, µ s+1 ∈ F * q , µ s+1 ∈ ℘(F q ) and finally, let t + 1 be the first index with f t+1 ∈ F q (and therefore p ∤ deg f t+1 ). Then the ramification index of p ∞ is p n−t , the inertia degree of p ∞ is p t−s and the decomposition number of p ∞ is p s . More precisely, if Gal(K/k) = σ ∼ = C p n , then the inertia group of p ∞ is I = σ Proof. Since the extension K/k is a Galois extension of degree a power of a prime, the inertia field is the first layer such that p ∞ ramifies. The index of this first layer is t + 1 (see [12] ). On the other hand, by the same reason, the decomposition field is the first layer where p ∞ is inert and this is given by s + 1 (Proposition 5.3). If χ is the character associated to E, then χ = χ P1 · · · χ Pr , where each χ Pi is of order p ni with n i ≤ n. Clearly, the field associated to χ Pi is k( y i ). It follows that E g = k( y 1 , . . . , y r ) since p ∞ is fully decomposed.
Note that Kk( z)/K is unramified and S ∞ (K) decomposes fully. It follows from Theorems 4.1 and 4.4 that K g = E g k( z).
Therefore we have proved 
